Abstract-Some in-parallel robots, such as the 3-2-1 and the 3/2 manipulators, have attracted attention because their forward kinematics can be solved by three consecutive trilaterations. In this paper, we identify a class of these robots, which we call flagged manipulators, whose singularity loci admit a well-behaved decomposition, i.e., a stratification, derived from that of the flag manifold. Two remarkable properties must be highlighted. First, the decomposition has the same topology for all members in the class, irrespective of the metric details of each particular robot instance. Thus, we provide explicitly all the singular strata and their connectivity, which apply to all flagged manipulators without any tailoring. Second, the strata can be easily characterized geometrically, because it is possible to assign local coordinates to each stratum (in the configuration space of the manipulator) that correspond to uncoupled rotations and/or translations in the workspace.
I. INTRODUCTION
T HE Stewart-Gough platform triggered research on parallel manipulators, and it has remained one of the most widely studied, together with its numerous specializations (designs in which the extremities of the legs merge into multiple spherical pairs). Such specializations have at least 16 forward kinematic solutions, but for two cases, in which the number of solutions goes down to 8. These interesting cases, the 3-2-1 and 3/2 parallel manipulators, were first identified by Hunt and Primrose [1] , after whom they are generically labeled.
A related nice property of Hunt-Primrose manipulators is that their forward kinematics can be derived through a sequence of three trilateration operations, i.e., by solving three tetrahedra whose vertices lie in either the platform or the base of the manipulator [2] , [3] . In accordance with this, the singularity loci of these manipulators consist of those configurations for which the volume of at least one tetrahedron vanishes [4] . By analyzing the pure condition (a construct used to assess the rigidity of structures), Downing et al. [5] arrived at the same conclusion. For the 3-2-1 manipulator, they showed that the pure condition is the product of three determinants, each involving the coordinates of four endpoints of the manipulator legs. Singularities occur when the pure condition vanishes, i.e., when any of the determinants becomes zero, and each determinant can be interpreted as the volume of one tetrahedron. This provides an analytic characterization of singularities, but it does not say much about their nature and the topology of their singularity loci in the configuration space of the platform with respect to the base. While the nature of singularities for some specializations of the Stewart-Gough platform has been successfully addressed by using Grassmann line geometry [6] , [7] , their topological study remains as an important open problem [8] . Indeed, a complete characterization of the arrangement of singularity hypersurfaces in the configuration space would permit identifying the different nonsingular regions separated by singularities, the restriction on maneuverability occurring in each singular region, as well as the adjacencies between all nonsingular and singular regions. This would be most useful for manipulator design, including the use of redundant actuators [9] or joint coupling [10] to eliminate certain singularities, and also to plan trajectories away from singularities or, at least, from "dangerous" ones, whose unconstrained motion points toward the singularity manifold itself, thus preventing the manipulator from leaving it [11] . Furthermore, knowing the location of singularity hypersurfaces would permit crossing them in a controlled way and, therefore, operating in much larger workspaces.
In this paper, we fully characterize the topology of the singularity loci for a class of Hunt-Primrose manipulators. This class consists of particular cases of the 3/2 and the 3-2-1 manipulators satisfying the following constraints: 1) all leg endpoints in the base are coplanar; 2) all leg endpoints in the platform are coplanar; and 3) setting aside the three legs converging to the same platform attachment, the endpoints of the remaining three legs are aligned. Note that constraint 2) is always satisfied for the 3-2-1 manipulator, since it has a triangular platform, while constraint 3) is always satisfied for the 3/2 manipulator, since it has only five base attachments.
The 12 manipulators in this class, obtained from the 3/2 and 3-2-1 manipulators by making some of their legs share the same attachments to the base or the platform, have singularity loci with exactly the same structure, which is an unfolding of a submanifold of the flag manifold. This manifold admits a well-behaved topological decomposition, namely, a stratification, which is a partition into a finite set of submanifolds (called strata), such that the boundary of a stratum is the union of entire strata of lower dimensionalities. Therefore, through the unfolding, we obtain a complete characterization of the singularity submanifolds from dimension 5 down, as well as their adjacencies.
The paper is structured as follows. In the next section, Hunt-Primrose manipulators are described and their singularity loci are analytically derived. After introducing the notions of flag and stratification, Section III details the stratification of the flag manifold and the algorithmic procedure to generate it. The next two sections are devoted to the stratifications of the singularity locus of the 3/2 manipulator with planar platform and base, and the 3-2-1 manipulator with planar base and the endpoints of the 2-1 legs aligned. These two parallel manipulators, together with their 10 specializations, will be referred to as flagged manipulators, and places Hunt-Primrose manipulators and their subset of flagged ones in the context of the 35 specializations of the Stewart-Gough platform defined by Faugère and Lazard [12] . Finally, some conclusions and prospects for future work are sketched in Section VII.
II. PARALLEL MANIPULATORS SOLVABLE BY TRILATERATION
The spatial parallel manipulators can abstractly be described as two bodies, base and platform, so that the location of one with respect to the other is obtained from the lengths of six segments (or legs), , where the points and (or endpoints) with are located on the base and the platform, respectively. In what follows, we use the same notation for an endpoint and its vector of homogeneous coordinates in a given global reference frame, i.e., we will say that the homogeneous coordinates of point is given by the vector . To simplify the direct kinematics problem, that is, that of finding the location of the platform with respect to the base, some of the endpoints either on the base or on the platform can be made coincident. Among all these possible specializations, those whose direct kinematics can be solved by a sequence of three trilaterations are called trilaterable manipulators. They were first identified by Hunt and Primrose as the 3/2 and 3-2-1 manipulators [1] . Next, we detail the required sequence of trilaterations for both manipulators, and how the analytic expression for their singularities straightforwardly follows from this sequence.
A. The 3/2 Parallel Manipulator
In a 3/2 manipulator, some of the endpoints coincide in the way shown in Fig. 1 (top) . Given the lengths of the segments , , and , there are two possible mirror locations for with respect to the plane defined by , and . Once one of these two solutions for is chosen, , and define another tetrahedron with known edge lengths. Again, there are two possible mirror locations for , in this case with respect to the plane defined by , and . Finally, after choosing one of the two solutions, , , and define another tetrahedron with known edge lengths. In this case, there are two mirror locations for with respect to the plane defined by , and . We conclude that if, and only if (iff), the points in the sets , , and form nondegenerate tetrahedra, there are eight possible configurations for the moving platform compatible with a given set of leg lengths. Otherwise, the platform is in a singularity. In algebraic terms, iff one of the following three condition holds:
the platform is in a singularity. Alternatively, this condition can be expressed in a single algebraic condition as (2) The set of configurations of the platform that satisfy (2) is referred to as its singular locus. This set can also be obtained by computing the zero locus of the determinant of the analytic Jacobian associated with the parallel platform [5] , but the present derivation is clearly much simpler. Now, the problem is to express the conditions in (1) as functions of the configuration of the platform. The solution to this problem curiously comes from the developments in motion planning for polyhedra. Indeed, the three equations in (1) can be seen as the implicit equations of hypersurfaces in SO associated with each of the three basic contacts between polyhedra [13] , namely, the face-vertex, vertex-face, and edge-edge contacts, respectively. The algebraic expressions for these hypersurfaces, known as C-surfaces, were first given in [14] . They are rather long (particularly the one corresponding to the third determinant), thus requiring a computer algebra system for their manipulation.
B. The 3-2-1 Parallel Manipulator
A similar analysis to that just given for the 3/2 parallel manipulator, can be carried out for the 3-2-1 manipulator [ Fig. 1 , (bottom)]. In this case, it can be checked that iff the points in the sets , , and form nondegenerate tetrahedra, there are eight possible configurations for the moving platform compatible with a given set of leg lengths. Otherwise, the platform is in a singularity. In algebraic terms, we have that iff (3) holds, the platform is in a singularity. Again, each of the three determinants in (3) equal to zero can be seen as the implicit equation of a C-surface in SO associated with each of the three basic contacts between polyhedra. In this case, with the face-vertex, edge-edge, and vertex-face contacts, respectively.
C. The Topology of Singularities
Each of the three C-surfaces, a variety of dimension five, involved in the description of the singularities of either the 3/2 or the 3-2-1 manipulator, divides SO into two half-spaces. The three C-surfaces lead to a partition of this space into regions with congruent signs for the three determinants. The stratification of the set defined by (2) [respectively, (3)] provides a topological description of this partition.
Next we show that for the class of Hunt-Primrose manipulators satisfying the constraints mentioned in the Introduction (i.e., with planar platform and base, and three leg endpoints aligned), such a stratification can be obtained by relying on the stratification of the flag manifold without applying any algebraic manipulation, just by combinatorial considerations.
III. FLAG MANIFOLD AND ITS RELATION TO PARALLEL MANIPULATORS
In this section, the notions of flag and stratification are introduced, and a result concerning the stratification of the flag manifold is reviewed, which will be subsequently used to characterize the structure of the singularity locus of the 3/2 manipulator.
Definition 1 (Flag): A flag in projective space is a sequence of projective subspaces such that . Let be the plane at infinity in . Then the Euclidean space can be viewed as a subspace of via . The flags we will be concerned with are the affine flags, that is, flags satisfying . The name "flag" comes from the fact that it can be schematically drawn as such (see Fig. 2 ). Note that in drawing this figure and in all subsequent geometric interpretations, we make a slight abuse of language by identifying subspaces of dimensions 0, 1, and 2 in projective space not contained in , with points, lines, and planes in Euclidean space . Moreover, the point, line, and plane defining a flag will referred to as "flag features." For some parallel manipulators, which will hereafter be called flagged manipulators, we can attach a flag to its base and another to its platform in such a way that their singularity locus is characterized by the contact between flag features. For instance, in the case of the 3/2 manipulator with planar base and platform, the two flags will be placed as shown in Fig. 3(a) . As mentioned in the preceding section, the singularity locus consists of those configurations for which any of the three trilateration operations involves a zero-volume tetrahedron. In flag terms, this occurs when either the vertex of one flag lies on the plane of the other flag or the two flag lines intersect. Now, we are interested in decomposing the singularity locus into simple manifolds, as well as obtaining their adjacency relationships. As we will show next, the topologically distinct configurations of the manipulator correspond to distinct incidence relations between the features of their attached flags.
This relates to the space of all flag configurations. We will first introduce this space and a well-known result concerning its topological decomposition, and next apply it to the singularity locus of interest.
Definition 2 (Flag Manifold):
The flag manifold is the set of all flags in . Let denote the subset of the affine flags in . 
The 's are called strata. The third item in the list is a boundary condition, which is included to guarantee that the boundary of a stratum is the union of the entire strata of lower dimensionalities.
Next, we introduce the main result on the stratification of the flag manifold. Its derivation is outlined in the Appendix and, for a more detailed exposition, the reader is referred to [15] and [16] .
It is possible to stratify the 6-D into strata (each isomorphic to , see the Appendix) in such a way that every permutation in identifies a unique stratum (4) where stands for the set of permutations of four elements. Furthermore, two strata of consecutive dimensions are adjacent iff there is a single transposition between their associated permutations. This provides an algorithmic procedure to generate the graph of strata for the flag manifold.
Following this procedure, we have derived the stratification shown in Fig. 4 , where each row includes the strata of the same dimension, starting with dimension 0 at the bottom to dimension 6 at the top.
The notation used in this figure requires some explanation. We characterize the reference frame by means of a reference flag (which is an affine flag), and then label each stratum with the incidence relations between the flags in this stratum and the reference flag. Hence, , and stand for the point, line, and plane conforming the reference flag, while the same letters with an asterisk stand for the same elements of the other flag; a hyphen between two elements means that one is included in the other, while a dot denotes that they meet at a single point. In all, we have characterized each stratum by means of three items: 1) a symbolic description using the notation above; 2) the matrix of dimensions of the intersections between the elements of the two flags, where an empty intersection is denoted by , a point intersection by 0, etc.; and 3) its associated permutation. The permutation is computed as follows: add to a first row and a last row to obtain an extended matrix, and let denote its three columns; if the permutation is , then is the new position of the element of at which there is a jump in dimensionality, and completes the permutation with the remaining digit (see the Appendix for a detailed example). Actually, one should proceed from 3) to 1). One starts with the graph of permutations, where arcs join permutations that differ in a single transposition. From each permutation, the corresponding matrix is derived by introducing the jumps in dimensionality, as specified above. And, finally, the symbolic description follows straightforwardly from the matrix, by interpreting its entries as incidences between the elements of the two flags, assigned to rows and columns, respectively.
Note that strata having symmetric matrices correspond to incidence relations that remain invariant when the roles of the two flags are interchanged. Conversely, nonsymmetric matrices result in a pair of different strata under such interchange, whose matrices are the transposes of one another. Due to space limitations, only one of every such pair of strata is fully shown, the other being represented only by its associated permutation, which is shown shaded.
The stratification of induces a stratification of
Since the reference flag is an affine flag, none of the above intersections is empty. However, it might happen that some cell would split off into two connected components [17] : for instance, for , the affine flags of are the disjoint union of the two cells and . Indeed, is a unique cell iff the permutation starts with , that is, the stratum label contains the incidence relation .
IV. STRATIFYING THE SINGULARITY LOCUS OF THE 3/2 MANIPULATOR
Now we return to the setting above of a 3/2 manipulator holding two flags, one attached to the base and another to the platform as in Fig. 3(a) , and take up again the question of how many relative configurations they can adopt with distinct incidence relations between their flag features. Note that considered within the flag, features are unoriented (lines and planes), while considered as platform features (edges and faces), they are oriented.
Given a flag attached to the 3/2 manipulator platform as in Fig. 3(a) , we can define a reference frame having as origin, as the axis, and as the plane. This flag remains invariant when a rotation of radians about any of the three coordinate axes is applied (see Fig. 5 ). Formally, the group of Euclidean transformations leaving the flag invariant is , where is the identity transformation, and stands for a rotation of radians about the -axis. Let us mention that is one of the representations of the well-known abelian group [18] , since , and . We can attach a reference frame to the base of the 3/2 manipulator from the reference flag in a similar way as above. Then, a manipulator configuration is described as SO , relating the platform frame to the base frame. Given one such manipulator configuration , with its associated flag configuration, we can characterize the set of four manipulator configurations yielding this same flag configuration, as follows: (6) where is the flag associated with the platform in configuration . This gives a four-fold covering map SO . 1 Therefore, with each relative configuration of two flags, 1 This map corresponds to the restriction of what in algebraic geometry is known as the four-fold covering map between the partially oriented flag manifold G(1; 1j1; 1) in and Flag(4) [19] .
we can associate four relative configurations of the platform and base (Fig. 6) . It is worth mentioning that these four configurations leading to the same flag arrangement do not have anything to do with the eight direct kinematic solutions of the manipulator. To visualize this, consider the four manipulator configurations corresponding to a given flag arrangement; obviously, each such configuration will have a different set of leg lengths (refer again to Fig. 6) . Conversely, the eight manipulator configurations with the same leg lengths will have associated different flag arrangements (Fig. 7) .
The covering morphism induces a stratification of SO , and also of the singularity locus of the 3/2 manipulator, from the stratification of obtained in the preceding section. Namely, (6) provides a procedure to unfold the graph in Fig. 4 into a 4-D strata, whose adjacencies follow directly from the permutation structure of the flag manifold. In the same way, we can derive the 3-D strata, the 2-D strata, the 1-D strata, the 0-D strata, and their adjacencies. Note that for the reasons mentioned in the preceding section, all strata of whose label contains the incidence relation (or equivalently, their defining permutation begins with one) are entirely composed of affine flags, hence, they remain the same when restricted to , and thus, has lower cardinality. In all, there are 160 singular strata separating eight disjoint 6-D strata, corresponding to the eight connected components of the nonsingular manipulator configurations, which (by connectness arguments) must equal the eight regions with congruent signs for the three determinants introduced in Section II-C.
An interesting point about this stratification of the singularity locus is that each stratum encompasses a subset of the three pure translations and three pure rotations, along and about the coordinate axes defined by the flags. Thus, by appropriately choosing local coordinates, each stratum can be made to correspond to uncoupled translations and/or rotations in the workspace. Moreover, in following down the stratification adjacencies (see Fig. 4 ), one degree of freedom (DOF) at a time is lost. For example, the 4-D strata of type consist of the three rotations plus the translation along the line , and, in moving to its frontier 3-D strata of type , the translational DOF is lost (Fig. 8) .
V. STRATIFYING THE SINGULARITY LOCUS OF THE 3-2-1 MANIPULATOR
In the case of the 3-2-1 manipulator, it is possible to associate a flag to its platform, but not to its base, even if it is planar. This is because the base point used in the third trilateration does not necessarily lie in the line used for the second trilateration [see Fig. 1, (bottom) ]. Therefore, it is not a flagged manipulator. Of course, as for all trilaterable manipulators, a stratification of its singularity locus can be obtained by intersecting the C-surfaces corresponding to a zero-volume tetrahedron in any of the three trilateration operations. However, the resulting strata do not correspond to uncoupled DOFs.
The special 3-2-1 manipulator having the endpoints of the 2-1 legs aligned is a flagged manipulator, and its singularity locus has exactly the same structure as that of the 3/2 manipulator.
VI. PLACING TRILATERABLE AND FLAGGED MANIPULATORS IN CONTEXT
It is reasonable to ask ourselves for the importance of trilaterable and flagged manipulators in the universe of all parallel manipulators. Beyond qualitative considerations about constructive simplicity and frequency of use, we have approached this question from the viewpoint of the combinatorial classes of parallel manipulators established by Faugère and Lazard [12] .
Starting from the general 6-6 manipulator with six linear actuators connected by spherical joints to the platform and to the base, they listed 60 classes differing in their associated graph of legs. Quite understandably, the 6-6 manipulator was denoted the 3-2-1 manipulator and the 3/2 manipulator When identifying two classes that are deduced one from the other by exchanging the platform and the base, the number of classes reduces to 35. We will not reproduce the whole list here, but just detail the trilaterable and flagged manipulators. Fig. 9 shows a representation of the 13 trilaterable manipulators and their specialization relations.
Let us recall that in the case of the 3/2 family (those in the grey area), the trilateration sequence involves two vertex-plane tetrahedra followed by an edge-edge tetrahedron (refer to Fig. 1) , while for the 3-2-1 family, the sequence starts with a vertexplane tetrahedron, proceeds with a edge-edge one, and ends up again with a vertex-plane tetrahedron. Of course, in the case of manipulators belonging to the two families, either sequence works. Now, let us restrain our analysis to manipulators having a planar platform and a planar base. Then the seven members of the 3/2 family are flagged manipulators. Note that three of them come purely from this family, namely the 3/2 itself and its two specializations
The remaining four flagged manipulators, while still belonging to the 3/2 family, are also specializations of the 3-2-1 manipulator Five additional manipulators belonging to the 3-2-1 family (those not in the grey area in Fig. 9 , except the bottom left one) are flagged, provided that the endpoints of their 2-1 legs are aligned. These are the 3-2-1 manipulator itself and four of its specializations
The remaining one does not admit the alignment of their endpoints without falling into a degenerate configuration.
To summarize, among the 35 classes of parallel manipulators, 13 are trilaterable. By restraining the classification to manipulators satisfying the three conditions stated in the Introduction, namely: 1) all leg endpoints in the base are coplanar; 2) all leg endpoints in the platform are coplanar; and 3) setting aside the three legs converging to the same platform attachment, the endpoints of the remaining three legs are aligned, it turns out that 12 of the trilaterable classes are now flagged ones.
It is worth mentioning that some of the specializations above have received particular attention from the kinematics community, their singularity loci having been analytically derived. For example, in the case of the manipulator, Collins and McCarthy [20] concluded that its singularity locus is a cubic surface that factors into three planes, which can now be viewed as a direct consequence of its being a trilaterable manipulator. Moreover, since it satisfies the three conditions stated above, it is also a flagged manipulator, and its singularity locus is known to admit the stratification presented in this paper.
VII. CONCLUSION
The singularity loci of parallel manipulators have been the subject of analytic, numeric, and geometric studies. Obtaining the singularities analytically requires finding the roots of the Jacobian determinant, which is rather difficult in many cases. Numerical procedures have been developed and applied to overcome this difficulty. Both approaches characterize the singularity loci, but do not provide information on either the nature of the singularities or their location in the configuration space of the manipulator. By applying Grassmann line geometry, the Jacobian is interpreted as a matrix of leg line vectors, and singularities are viewed as line configurations with rank lower than six, which can be classified according to their dimensionality reduction and geometric nature. Thus, line geometry answers one of the above needs, but still leaves open the question of how singular configurations are distributed throughout the configuration space.
In this paper, we have addressed this latter question in the case of the 3/2 and 3-2-1 parallel manipulators by applying a combinatorial topology result, namely, the stratification of the flag manifold.
For these manipulators, the Jacobian determinant can be factored into three determinants involving the coordinates of four leg endpoints each. The loci of these three determinants are hypersurfaces in configuration space (C-surfaces), which can be interpreted as the three well-known basic contacts between two polyhedra, namely, vertex-face, face-vertex, and edge-edge contacts, the former two corresponding to endpoint-base and platform-endpoint incidences in the present context.
The intersections of the above hypersurfaces lead to singularity regions of lower dimensionalities. In this paper, we have shown that for the 3/2 manipulator with planar platform and base, and the 3-2-1 manipulator with planar base and the 2-1 leg endpoints aligned, as well as for their 10 specializations, the three singularity hypersurfaces admit a well-behaved topological partition, which is a four-fold covering of the stratification of a submanifold of the flag manifold.
Thus, we have obtained a complete description of the singularity locus for a whole class of in-parallel manipulators, consisting of 160 strata together with all their topological adjacencies. The strata are submanifolds of dimensions from 5 down to 0, which can be parameterized by means of uncoupled rotations and/or translations related to some axes of the manipulator. It is remarkable that the obtained stratification has the same topology for all members in the class, irrespective of the metric details of each particular manipulator instance.
It should also be mentioned that this stratification is purely kinematic, in the sense that it does not take into account interferences that may occur between the platform, the base and the legs, or bounds in the actuator's range of operation. Further work is needed to trim the above general stratification to adapt it to the metrics and bounds of a particular physical platform.
As a practical application, we will undertake this trimming for the 3-2-1 pose measuring device [4] , which will allow us to assess the interest of the proposed singularity characterization for trajectory planning and control. (10) which is known as the Schubert variety. Theorem 1, together with the property just mentioned, are the conditions required for (10) to constitute a stratification of . Summarizing, each stratum can be identified by its associated permutation, and the adjacencies between strata of consecutive dimensionalities can be derived directly from the Bruhat order.
APPENDIX

Definition 4 (Grassmannian):
